Abstract: Variational Bayes (VB) has shown itself to be a powerful approximation method in many application areas. This paper describes some diagnostics methods which can assess how well the VB approximates the true posterior, particularly with regards to its covariance structure. The methods proposed also allow us to generate simple corrections when the approximation error is large. It looks at joint, marginal and conditional aspects of the approximate posterior and shows how to apply these techniques in both simulated and real data examples.
Introduction
This paper looks at diagnostics tests to evaluate the quality of variational Bayes (VB) solutions. As is typical with diagnostic testing in statistics -think of diagnostic testing in regression analysis for example -we look at necessary conditions for adequacy. A VB solution may be inadequate from a number of perspectives. Here we list some of the most important. Firstly, by definition the posterior covariance structure is distorted, so both posterior variances and correlations can be wrong. Secondly, VB convergence is only local, hence it might miss other 'better' solutions. In particular it might focus on a single mode of a multimodal solution. Thirdly, there may be errors in higher order posterior moments, such as skewness or kurtosis. A given diagnostic test is designed to detect a particular kind of error, and the key idea of this paper is to make available a number of computationally fast diagnostics, with a computation time of the order of the VB itself, which target particularly common forms of inadequacy, specifically the first on the list above.
The VB method provides a fast and analytical approximation to otherwise intractable posterior distributions. Early developments of the method can be found in applications to neural networks [15] , [19] , with further work in independent component analysis [17] , [1] , graphical models [29] , [2] , information retrieval [4] , and factor analysis [8] . Other applications of variational principle can be found in [10] , [20] , [5] , [11] , [28] , while an excellent recent review can be found in [22] .
The essence of the method relies on making simplifying assumptions about the posterior dependence of a problem. This results in a high dimension integral being decomposed into a set of low dimensional ones which may be expected to be more tractable. Various real-world applications have demonstrated that the VB method is very computationally efficient. For example, reversible jump MCMC [9] may require many millions of iterations to obtain posterior samples for a finite mixture of Normals, however, the VB approximations can need only a few hundred, even though each iteration of the VB method is very fast.
For the examples of this paper, and others, our studies show that VB can give good approximations to the posterior mean structure of a problem, and is good at finding overall structural features -such as the number of components in a mixture. However the posterior variance can be underestimated. This underestimation of the variance has also been reported by other researchers, for example, [3] and [26] . Moreover, by definition the general posterior dependence structure is distorted. This motivates the work in this paper to develop diagnostics to see how well the VB approximations represent the actual posterior covariance structures, and to some extent to provide corrections when these errors are large. We emphasize that these tests are only designed for these forms of error and may not detect errors of different kind.
We propose three diagnostics methods which only use the information obtained from VB approximations. The first method looks at the the joint posterior distribution and attempts to find an optimal affine transformation which links the VB and true posteriors. The second method is based on a marginal posterior density approximation technique proposed by Tierney, Kass, Kadane (1989) [27] . Here we work in specific low dimensional directions to estimate true posterior variances and correlations. The third method, based on a stepwise conditional approach, allows us to construct and solve a set of system of equations which lead to estimates of the true posterior variances and correlations.
This paper also proposes a novel method to calculate the variance of a marginal or conditional distributions of the posterior. This method uses an independent Metropolis-Hastings algorithm with the proposal kernel being configured by the VB approximations. Instead of using the sample moments, the variance of the target distribution is computed by reading the acceptance probability of the generated MCMC chain.
The paper is organized as follows. Section 2 presents the proposed methods in detail. Applications of the methods on the simulated data and real-world data are shown in Section 3. Conclusions and discussions are in Section 4.
The three diagnostic methods
Consider the posterior distribution of a p−dimensional vector parameter θ = (θ 1 , · · · , θ p ), with density function p(θ|x) where x is an independent and identically distributed random sample. We denote the VB approximation by q(θ), the true posterior mean by µ = (µ 1 , · · · , µ p ), the covariance matrix by Σ with variance of σ 2 i , i = 1, · · · , p and correlation coefficients {ρ ij }.
Optimal affine transformations of joint distributions
We denote the random vector associated with a VB approximation by η. We search for optimal affine transformations of η (denoted by Aη + B, over specified classes of p × p matrices, (A) and p × 1 vectors (B). The aim is to get close to θ, the random vector associated with the true posterior.
First, generate an independent random sample of size n from the VB distribution, denoted as
. The values of A and B are obtained by maximizing a likelihood function, over the specified class,
where θ i = Aη i + B, and det(A) is the determinant of A and the corresponding estimates are denoted byÂ andB. Sampling from q(η) is typically straightforward since q(η) usually has a factorization form of q(η) = p i q i (η i ), and q i (η i ) often have a well-known distributional form. The maximization of (2.1) with respect to A and B is possible because it does not require the unknown normalizing constant of the posterior, p(θ|x).
For small or medium dimensional problems we only restrict the transformation matrix A to be general lower triangular, with the positive diagonal elements for identification reasons. For more complex problems sparser classes of matrices can be used, trading off the power of the test with speed.
Marginal approximations
This method considers a projection of the vector parameter θ in a direction α, denoted by α T θ. The variance of α T θ is given by α T Σα, which is a function of {σ
and {ρ ij }. If we have the projections in different directions, we can obtain a system of equations which can be easily solved to obtain the values of {σ
and {ρ ij }. The key computation of this method is to calculate the value of the marginal variance. In order to be computationally efficient and exploit the VB solution we propose the following new method.
Suppose p(θ) is a target distribution and q(θ) is a proposal distribution. The independent Metropolis-Hastings (IMH) algorithm will produce a transition from θ (t) to θ (t+1) as described in Algorithm 1. Theorem 2.1, proved in [23] , establishes a connection between the expected acceptance rate (EAR) and the closeness of the target distribution p(θ) and the proposal distribution q measured in Kullback-Leibler (KL) divergence. Heuristically, Theorem 2.1 states the closer the target and the proposal, the higher the EAR. It is obvious that when p(θ) and q(θ) are identical, the optimal acceptance rate equals to one. This result is different from other types of Metropolis-Hastings algorithms. For examples, for random-walk MetropolisHastings algorithm the optimal acceptance rate is close to 0.234 [24] ; for Metropolis adjusted Langevin algorithms an overall acceptance rate is close to 0.574 [25] .
Motivated by this general result, first consider a special case in which the target distribution is a univariate normal with mean of µ and variance of σ 2 t and the proposal distribution is a normal with the same mean and variance σ 2 p (assume σ 2 p > σ 2 t ). It can be shown that the EAR is monotone decreasing as the proposal variance of σ 2 p increases. Conversely, it says that given a fixed value of proposal variance of σ 2 p , the value of the target variance σ 2 p is one-to-one correspondence to the value of EAR. This implies by monitoring the acceptance probability, we can obtain the value of the target variance. A table of expected acceptance rate versus the value of target variance is given in the Appendix.
After this motivation let us consider the method in practice. Consider two basics facts: firstly posteriors approach to normality when sample size is large, and secondly VB provides good mean structure approximations. Hence we propose a new method to compute the target variance. We call it a VB Adjusted Independent Metropolis-Hastings method (VBAIMH). The variance of the target distribution is obtained by checking the acceptance rate for a standard normal kernel centred at the VB mean, being used as the proposal. In fact, the idea of using acceptance rates to compute the target variances can be further extended to using acceptance rates as a key diagnostic to how close the VB distribution is to the true posterior. More discussion can be seen shortly.
The new approach above has several advantages. First it does not require any particular tuning tricks to run the IMH algorithm. We only need the posterior mean values produced by the VB approximation to configure the proposal kernel. This is a significant advantage over other MCMC methods, in which the implementation issues are the major concerns.
Secondly, this VB kernel allows the MCMC chain to locate the regions of high posterior probability more efficiently, since the proposal kernel is around the posterior mode, at least locally; then we only need a short chain to compute acceptance rates. This is another significant advantage over the other MCMC methods, where the computational cost can be a big concern. While the IMH algorithm is well known to perform poorly in high dimensions [7] , in this method we are sampling from a univariate distribution defined by the projections.
Third, when an acceptance rate is low, the generated sample may not represent the target distribution well, and the moments calculated upon these samples can be wrong. However, a low acceptance rate on it own reflects a significant discrepancy between the target and the proposal.
It is worth noting that when the projection is along the direction of a single parameter of θ i : that is, for example, we set α = (1, 0, · · · , 0), the VBAIMH can provide a possible mechanism to calibrate the EAR as a diagnostic tool to measure inaccuracy in the marginal approximations of VB, by using q(θ i ) directly as the proposal distribution. When the acceptance rate is low, it clearly
Algorithm 1 Independent Metropolis-Hastings (IMH) algorithm
Given θ (t)
Step 1 propose η t ∼ q.
Step 2 Accept
, 1 ;
indicates the approximation will be inaccurate. Thus it gives us two uses: firstly a diagnostics tool in the general case and secondly it is possible to give a correction to the VB approximation. More discussion can be found in Section 4. The above idea can be further extended to more general situations, where the diagnostics are targeted to more specific errors. For example, if only a subset of parameters is of immediate concern, which is of particular usefulness in the high dimensional problems.
To run an IMH algorithm we also need to know the density function of α T θ, at least up to scaling by a normalizing constant. Tierney, Kass, and Kadane (1989) [27] proposed an elegant marginal approximation of this posterior distribution.
Suppose the parameter of interest is ω = g(θ), where g is a continuous realvalued function on R p . The posterior distribution of p(ω|x) can be approximated as follows
and θ ω conditionally maximizes p(θ|x) with respect to θ for each given ω.
The conditional stepwise method
The unknown quantities in a true posterior covariance matrix Σ are {σ
and {ρ ij } and the difference between these and the VB versions which we are using as our diagnostics. The stepwise method looks at conditional distributions constructed from the true posterior and compares them to ones based on the VB solution. Algorithm 2 gives a description on the proposed method. The three steps can be explained as follows.
Step 1 uses a linear transformation of Y = Qθ to scale the variances of {σ
to be the ratios of {σ
over their variational estimations, and uses a linear transformation of Z = M Y to further scale these ratios to be one, which only leaves {ρ ij } in Σ to be found.
Step 2 finds a series of conditional bivariate random vector U ij , to which the eigenvalues of their covariance matrix can be computed numerically after a rotation.
Step 3 constructs a system of equations of f k ({ρ ij }) by linking the analytical expression of the correlation coefficient for the conditional bivariate U ij , obtained based on the posterior normality (when sample size is large), to their numerical values of r k , obtained by using the relationship between eigenvalues, and variances and correlation coefficients in a bivariate covariance matrix. The values of {σ
can be obtained by reversing Step 1.
Algorithm 2 The stepwise method
Step 1
is a diagonal matrix. .
Step 2
• Let R = cos(
• Obtain λ 2 k,1 and λ 2 k,2 , k = 1, · · · ,
, numerically.
Step 3
• Based on the posterior normality assumption, compute the correlation coefficient for the conditional bivariate U ij , and denote it as f k ({ρ ij }), where k = 1, · · · ,
, for all the pair of i = j.
. Solve the system of equations of f k ({ρ ij }) = r k to obtain the value of {ρ ij }.
• Based on the posterior normality assumption, compute the conditional variance of var(Y i |Y −i ), and denote it as
i to obtain the value of σ 2 i .
The key computations in Algorithm 2 involve computing the values of a univariate conditional or marginal variances, that is m
Step 2. Again, these values can be computed by the VBAIMH method. The definition of r k in Step 3 derives from the following fact. For a bivariate distribution, suppose the variances are σ 
, the eigenvalues are given by
Then it is easy to show that
To illustrate the method, we provide a three-dimension example which can be found in the Appendix.
Numerical studies
In this section, we will work through four models with simulated or real datasets to demonstrate the proposed methods. For each model we compute its variational approximation, obtained by minimizing the the Kullback-Leibler (KL) divergence [16] . The distributional families of these approximations range widely; for example in the cases considered here they are Normal, t, Beta, Inverse Gamma, and Dirichlet.
We start with a very basic illustrative example: a large sample multivariate normal case with simulated data. The second example looks at a Normal random sample with unknown mean and variance with a real data set. In this case posterior normality is not assumed, showing that normality is not needed for the methods to have power. We thirdly consider a two-component mixture of Normals model and finally a regime-switching lognormal model. This last model can be considered a high-dimensional case with six interest parameters, and 528 latent nuisance parameters. These models present a wide range of complex dependence structures, and MCMC methods have been intensively studied with them; these models will provide good testimony for the proposed methods. For the regime-switching lognormal model, we used the real data set of the TSX monthly total return index in the period from January 1956 to December 1999, which contains 528 observations in total, see for discussion [12] , [13] , and [14] .
Multivariate normal distributions
We consider a 3-dimension vector parameter θ = (θ 1 , θ 2 , θ 3 ), and the posterior distribution of θ and its VB approximation are all assumed to be a multivariate Normal distribution, and these two normal distributions have the same mean values. For the illustration purposes we will arbitrarily choose the values of the covariance matrices for the true posterior and the VB approximation. The following is an example; the actual variances are chosen to be 0. , and all correlation are assumed 0.
Our goal is that given the covariance of VB approximations and the density function of the posterior distribution up to a normalizing constant we will compute the true covariance structure, more precisely, to find the values of correlation coefficients of 0.51, 0.37, and −0.3 and the ratios of the posterior variances versus the VB variances, 2.2, 5.1, and 6.9.
We first apply the affine transformation method. A sample of size of 600 is generated from the VB distribution. We restrict the transformation matrix A to be a lower triangular matrix with positive diagonal elements. There is no constraints on the three parameters in the translation vector B. Maximizing the posterior probability over these 9 parameters can be done with the Newton's method or standard search methods. The resultedÂ andB are given bŷ
0.000 0.000 10.498 2.007 0.000 23.601 −3.627 1.918
GivenÂ andB, the estimatedΣ p can be computed byÂΣ vÂ T . The second column in Table 1 gives the estimated variance ratios and correlation coefficients fromΣ p . We see these estimates are close to the actual values, which is given in the first column. Second, we use the method using marginal approximations. It requires 6 projections. We denote a projection direction as α = (α 1 , α 2 , α 3 ), and the marginal variance along the projection direction as l. Thus, we can obtain a polynomial equation involving σ 2 i and ρ ij given by
For each direction we simulate a sample of size 6000 and use the last 50% sample points to calculate the acceptance rate. The values of l (Table 2) Table 1 . We can see these estimates are consistent with those above and the true ones. Finally, we work through the conditional stepwise method. The notation used here follow that given in Algorithm 2. For Step 1 and 2, we simulate a sample of size 5000 and use the last 50% sample points to calculate the acceptance rate, and the conditional variance is obtained from EAR readings. All numerical results are given in Table 3 . Solving the polynomial equations obtains the values for ρ 12 = 0.50, ρ 13 = 0.40 and ρ 23 = −0.28 and the variance ratios, that are given in the fourth column in Table 1 . 
Normal random sample
In this example, we consider a real dataset which contains 1033 records of weights for some Major League Baseball (MLB) Players [21] . Plots suggests that it may be reasonable to model the data by a normal distribution with the mean µ and variance σ 2 . We are interested in making inferences on µ and σ 2 . In a Bayesian setting, we consider the priors as µ ∼ N (γ, η 2 ) and σ 2 ∼ IG(α, β), where IG denotes the inverse Gamma distribution. This setting is referred as a semi-conjugate prior [6] . The joint posterior distribution for µ and σ 2 is given by
whereȳ is the sample mean and S 2 is the total sum of squares of y. The values of hyper-parameters are chosen to be α = 2, β = 440.64, γ = 221.86, and η 2 = 1, where the values for β and γ derives from the mean and variance of the dataset respectively.
Despite the apparent simplicity of this model, the actual marginal posteriors for µ and σ 2 have no closed analytic forms. We consider the VB approximation, having a form of q(µ, σ 2 ) = q(µ)q(σ 2 ). VB converges after 14 iterations. The distributions for q(µ) and q(σ 2 ) are given as follows; As a standard comparison, we run a Gibbs sampler, and simulate a sample of size 10
5 from the posterior distribution. Table 5 gives a comparison of posterior mean and posterior covariance estimated by the VB approximation and the MCMC sample moments. The third row in Table 5 gives the ratios of posterior mean and the ratios of posterior variance. We can see that the means estimated by both methods are almost identical. However the variances approximated by VB are slightly underestimated, (as expected from our discussion above) and it is obvious VB distorts the posterior dependence structure. We applied the three proposed methods to this problem. All the setting and routines used here are very similar to the those used in the previous example. The numerical results produced by each method are given in the Appendix. The final results for three methods are given in Table 6 . We see that all of the methods perform well. 
Finite mixture models
In this example, we considers a two-component mixture of normals. The density function is given by f (
2 ), where 0 < π < 1, φ is the normal density function, Ψ = (π, µ 1 , σ
2 ) are the model parameters. Based on the conjugacy consideration, We choose the following prior distributions,
where
, the posterior distribution is given by
We consider such a VB approximation having a factorization as A sample dataset of size 400 was generated from this model. Figure 1 shows the histogram of the dataset. The VB method for this dataset converges after 122 iterations. The approximation distributions are given in Table 7 . Table 7 The marginal distributions of VB approximations Alternatively, we run a Gibbs sampler, and simulate a sample of size 2 × 10 6 from the posterior distribution. The posterior mean and covariance estimated by the VB approximations and by the MCMC sample moments are given in Table  8 and 9. The ratios of posterior means and the ratios of posterior variances are given in the last row in Table 8 and 9. These ratios indicate that the means estimated by both methods are almost identical. However VB underestimated the actual posterior variances, and again strongly distorts the correlation structure.
The proposed methods are applied to this mixture problem. For the VBAIMH method, we generate 4000 samples to compute acceptance rates. The sample size is much smaller than is used in the Gibbs sampler, to which we use a large sample size to ensure the chain has in fact converged.
In addition, we note that in this example we have targeted the most general form of linear transformation to correct any inadequacy in posterior mean and variance. In fact a diagnostic test can be designed to be targeted at more special concerns. For example the matrix A in the transformation might be restricted to be of a particular class such as diagonal or banded. This would be particular useful in high dimensional problems where the dimension of the space of A could become problematic.
All numerical results associated with each method are given in the Appendix. The final results are given in Table 10 . We see all the estimates are close to the values computed by using MCMC samples (the first column).
The regime-switching model
Our final example considers the high-dimensional regime-switching lognormal model (RSLN), proposed by [12] , which is used to model the switching processes between different states or regimes in many time series. For this example we consider a real dataset of the TSX monthly total return index in the period from January 1956 to December 1999 (528 observations in total). This dataset is studied in [12] , [13] , and [14] in the context of maximum likelihood and MCMC methods. We offer an VB solution for this model in [30] .
The regime-switching lognormal model with a fixed finite number, K, of regimes can be described as a bivariate discrete time process with the ob- served data sequence w 1:T = {w t } T t=1 and the unobserved regime sequence
, where S t ∈ {1, · · · , K} and T is the number of observations. This unobserved sequence forms the high dimensional latent structure for this problem. The logarithm of w t , denoted by y t = log w t , is assumed normally distributed having mean µ i and variance σ 2 i both dependent on the hidden regime S t . The sequence of S 1:T is assumed to follow a first order Markov chain having transition probabilities A = (a ij ) with the probabilities π = (π i ) K i=1 to start the first regime.
In the Bayesian framework, we use a symmetric Dirichlet prior for π, that is
Let a i denote the i th row vector of A. The prior for A is chosen as
In the above setting, C π , C A , γ, η 2 , α, and β are hyper-parameters. Thus, the joint posterior distribution of π, A, {µ i , σ
, and S 1:T can be obtained as,
we choose the variational approximation which is factorized as follows
In [30] , we show that VB suggests a two-regime RSLN model for the monthly TSX total return data. The VB approximations are given as follows: The posterior mean and covariance estimated by the VB approximations and by the MCMC sample moments (cited from [13] ) are given in Table 12 and 13. The ratios of posterior means is given in the last column in Table 12 , and the ratios of posterior variances in the last row in Table 13 . These ratios indicate that the means estimated by both methods are almost identical. However VB underestimated the actual posterior variances, and again strongly distorts the correlation structure. The proposed methods are applied to this RSLN model. Again, we use 4000 samples to compute the acceptance rates in VBAIMH, which significant shorten the computational time, compared with other MCMC methods.
In this example, we work through a complete cycle of the stepwise method to obtain the exact estimations on variances and correlation coefficients, which provide a quantitative correction on VB approximations. In fact, each step of the stepwise method can provide a qualitative diagnostics. Table 21 gives all numerical results in the stepwise method. The values of m i in Step 1 are all greater than 1, which indicates that the VB variances are smaller than the true ones, since a conditional variance always penalizes the marginal variance. In Step 2, the values of the pair of λ k,1 and λ k,2 provide possible information about the sign of the correlation. The final results are given in Table 14 . 
Discussion
The variational method essentially provides posterior marginal approximations, which can be inaccurate in a number of ways. The present paper aims to provide fast and easy-to-use diagnostics, which mainly target on inadequacy in the covariance structure. From the above numerical studies we can see all three methods can provide both diagnostics showing the quality of the VB approximation and also, in these examples, good estimates on the actual posterior variances and correlations. These methods are easy to use. They are free of any sophisticated tuning techniques or special expertise and are highly computational efficient compared with the traditional sampling based methods. This paper introduces a novel way to use acceptance rates. The idea is that the acceptance rate can act as a key diagnostic to how close the VB distribution is to the true posterior. As discussed in Section 2.2, EAR could be calibrated as a diagnostics tool to measure the inadequacy in marginal approximations by using VB approximations directly as the proposal distributions in VBAIMH. For the situation when posteriors depart from normality, a low acceptance rate still indicate an inaccurate approximation. However, to quantify a particular form of inaccuracy, a single value of EAR may be diluted by the confounding of many factors: inadequate variance, inadequate skewness, inadequate tail behaviour. In the further research, separating these confounding factors would be a necessary step toward measuring a special form of inadequacy.
For high dimensional problems, the three proposed methods can be designed to target more specific situations. For example, the covariance matrix might be sparse; a subset of the parameters might be of immediate concern. As discussed in Section 2.2, Section 3.3, and Section 3.4, the three methods can offer different strategies to address the special form of diagnostics. In the affine method, the transformation matrix A might be restricted to be a particular class. In the marginal method, the projections might be set to particular directions. In the stepwise method, the steps might be applied to a subset of the parameters, conditioning on other parameters.
For each individual method, we have some further comments. The affine transformation based method relies on using approximate linear relationship between the VB approximation and the actual posterior as a diagnostics and potentially a correction. In cases where, for example, strong skewness is present in the posterior the correction will of course not be exact, but it will still be a useful diagnostics tool.
As Leonard, Hsu and Tsui (1989) [18] point out, the marginal approximation of Tierney, Kass, and Kadane (1989), primarily justified by asymptotically n → ∞, might be insufficient for finite n; they also show a number of examples in which the method of Tierney, Kass, and Kadane introduces excessive skewness in the marginal approximations. We also find the inadequacy in the method of Tierney, Kass, and Kadane in our numerical studies. For example: Table 15 gives the values of 15 marginal variances along 15 directions in the mixture problem. The first row is the analytical results calculated from the covariance matrix obtained from a Gibbs samples. The second row is based on the posterior marginal approximation. We can see some discrepancy between this two sets of numbers. Even though, the method based on the marginal approximation still works well. Leonard, Hsu and Tsui (1989) [18] proposed a refinement on the method of Tierney, Kass, and Kadane (1989) , that could be considered in future work. Another potential concern when using the marginal approximation method is that we need to perform a constrained maximization at each sampling step. The maximization can often be completed in straightforward fashion such as the standard Newton's method or search methods. However a optimization at each sampling step may affect the computational efficiency.
The VBAIMH provides a fast means to calculate the variance of the target distribution. When using this approach two particular issues arise. First, as discussed previously when the target variance of σ Second, if the approximate normality of posterior distributions does not hold well, for example in the cases where strong skewness is present, the variance read from the EAR table will confound these non-normality effects and will deviate from the true value. As discussed above, when we pick a value of σ 2 t from the EAR table and use this new value as the proposal variance to run another IMH algorithm, if the new acceptance rate is not close to one, this implies that the normality does not hold well and usually it is skewness presents. When this happens, we need to adjust the value read from the EAR table. We usually scale the readings as cσ 2 t . Based on our various numerical studies, a reasonable choice on the scale c is 0.85.
Appendix

Stepwise method: a 3-dimension example
All the notations used here are defined in Algorithm 2. We consider a vector parameter θ = (θ 1 , θ 2 , θ 3 ), and denote its posterior variance and correlation as σ 
where only ρ is the rotation matrix defined in Algorithm 2, and λ 1 and λ 2 are the eigenvalues of var(U 12 ). Thus, the covariance matrix of V 1 is diagonal with λ 1 and λ 2 as the entries. The values of λ 1 and λ 2 can be computed numerically, by running the VBAIMH algorithm.
Step 3. Based on the posterior normality conditions, the correlation coefficient r 1 of U 12 , r 2 of U 13 , and r 3 of U 23 are given respectively by
Given the values of λ 1 and λ 2 in Step 2, we can obtain the value of r 1 by computing r 1 = 
Numerical results for the example of Normal random sample
For the affine transformation method, the resultedÂ andB is given by, A = 1.049 0.000 11.824 1.018 ;B = −10.119 −2469.079 .
For the marginal approximation method, the directional vectors with the corresponding acceptance rates and EAR table readings are given in Table 16 . The numerical results for the stepwise method for each step are given in Table  17 . For the marginal approximation method, it requires 15 projections. The directional vectors with the corresponding acceptance rates and EAR table readings are given in Table 18 . For the stepwise method. The numerical results for Step 1 and 2 are given in Table 19 . EAR table readings  are given in Table 20 .
For the stepwise method. The numerical results for Step 1 and 2 are given in Table 21 . The EAR table, shown in Table 22 , is composed as follows: the label for rows contains the first two digits of the target variance; the label for columns contains the decimal of the target variance; the values within the table are expected acceptance rates. For example: if one obtains an acceptance rate of 0.5555, then one would look for the rows to find 4 and the columns to 0.6 which yields the target variance is 4.6. 
The EAR table
